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Abstract - The objective of this paper is to achieve robust control and stability of chaotic systems by integrating 
sliding-mode control with time-delay techniques. This approach aims to stabilize the system's unstable periodic 
orbits (UPOs). We seek to ensure both the convergence of the sliding surface to zero and the minimization of the 
error between the system's current state and the delayed state corresponding to the UPOs. To identify the UPOs, 
we utilize the Poincaré map. The Lyapunov stability theory is then applied to validate the effectiveness of the 
proposed method. Through numerical experiments, this study showcases the ease of implementation, stability, 
effectiveness, and robustness of the method. 
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I. INTRODUCTION 

Sliding Mode Control (SMC) stands out in 
engineering for its exceptional ability to maintain 
stability in the face of various uncertainties and 
disturbances, solidifying its position as a 
powerful nonlinear control strategy. Pioneered in 
the 1970s by Emelyanov, Utkin, and Itkis [1], 
SMC boasts remarkable versatility, finding 
applications across diverse fields like engineering 
[2], robotics [3], aerospace [4], and control 
theory [5]. Its adept handling of nonlinear system 
control and stabilization makes SMC a valuable 
tool for ensuring robust control and stabilization 
across a wide array of dynamic systems. 

Furthermore, SMC shines in its ability to 
effectively control and stabilize chaotic systems, 
characterized by their extreme sensitivity to 
initial conditions and inherently unpredictable 
nature [6]. Encountered in a wide range of 
disciplines such as physics [7], chemistry [8], 
image encryption [9], biology [10], and 
engineering [11], these systems exhibit complex, 
erratic, and seemingly random behaviors. 
Controlling such systems poses a significant 
challenge, particularly when conventional linear 
control strategies fall short. 

  

The essence of Sliding Mode Control (SMC) 
lies in designing a control signal that propels the 
system onto a designated sliding surface, 
ultimately guiding it toward the desired state. 
This control mechanism ensures that the system’s 
trajectory swiftly converges and stays anchored 
to the sliding surface. Employing a distinct, 
discontinuous control strategy, SMC actively 
steers the system towards the surface, achieving 
rapid and sustained convergence. Once secured 
on the sliding surface, the control is fine-tuned to 
maintain the system’s trajectory there. This 
foundational approach exemplifies the inherent 
flexibility and precision of SMC, empowering 
meticulous manipulation of the system’s 
trajectory through deliberate control actions. 

Choosing the right sliding surface is crucial to 
the success of Sliding-Mode Control (SMC). It 
needs to be designed specifically to achieve the 
desired control goal. For example, if the goal is to 
track a specific reference trajectory, the sliding 
surface should closely mirror that trajectory. This 
close alignment ensures that the control 
mechanism effectively steers the system’s 
behavior toward the desired outcome, 
highlighting the critical role of the sliding surface 
in achieving precise and targeted control. 
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In the classical stability assessment, the error 
defining the sliding surface usually reflects the 
difference between a system’s current state and 
its intended equilibrium point. However, our 
focus on structural stability necessitates replacing 
the traditional tracking error with what we call 
the synchronization error. This error quantifies 
the deviation between the system’s current state 
and its state delayed by one period of unstable 
periodic orbits (UPOs). This shift in perspective 
allows us to explore the system’s resilience and 
its ability to synchronize its dynamics with a 
structurally stable desired trajectory. 

To identify the characteristics of UPOs with 
precision, we employ the well-established 
Poincare section method ´ [12], [13]. This 
involves constructing a Poincare section ´ by 
intersecting the UPO with a carefully chosen 
plane in the phase space. The UPO’s period is 
then determined by measuring the time between 
consecutive crossings of the UPO through this 
section. 

To validate the closed-loop system’s stability, 
we will leverage Lyapunov’s theory. This 
approach will provide the necessary framework 
to confirm the system’s stability under the 
implemented control strategies. 

The remainder of this paper is structured as 
follows: Section II outlines the stabilization 
problem. Section III presents the control strategy 
development in two parts: Section III-A details 
its creation, and Section III-B showcases its 
effectiveness through computational simulations 
using the Rossler system as a benchmark, 
focusing on various unstable periodic orbits 
(UPOs). These simulations validate the 
theoretical concepts and demonstrate the 
effectiveness of the proposed method. 

II. PROBLEM FORMULATION 

This section delves into the challenge of 
controlling and stabilizing chaotic systems using 
Sliding Mode Control (SMC). We begin by 
introducing a benchmark chaotic system, 
described as follows: 

𝑥௡  =  𝑓(𝑥)  +  𝑏(𝑥)𝑢 (1) 

Where : 

 𝑥 ∈  𝑅௡ is the n-dimensional state 
vector. 

 𝑢 ∈  𝑅௜ is the i-dimensional control 
vector to be determined. 

 𝑛 is the system order. 
 𝑖 is the number of control inputs, with 

𝑖 ⩽  𝑛. 
 𝑓(𝑥) and 𝑏(𝑥) are nonlinear functions 

with appropriate dimensions. 

 The basic idea of sliding mode control is to 
force the system to follow a predefined trajectory 
by constraining its dynamics to slide along a 
specific surface, known as the sliding surface. 
The sliding surface is designed to be a function of 
the state of the system and the predefined 
trajectory (desired trajectory). In our case, we 
choose the delayed states as the desired 
trajectory, where the delay time of the state 
corresponds to the time it takes for the system to 
complete one cycle of the target UPO. So, as 
described in [14], the sliding surface is given as: 

 𝑆௜(𝑡) = (
ௗ

ௗ௧
+  𝜆௜)

௡ିଵ𝑒௜                                           (2)  

The tracking error, denoted by 𝑒௜, is defined as 
the difference between the system's current state 
and its state delayed by a time 𝜏, equal to the 
period of an Unstable Periodic Orbit (UPO). This 
error is represented as: 

𝑒௜ = 𝑥௜(𝑡) − 𝑥௜(𝑡 − 𝜏) (3) 

where: 
 𝑒௜: is the tracking error for the 𝑖௧௛ state 

variable. 
 𝑥௜(𝑡): is the current value of the 𝑖௧௛ state 

variable 
 𝑥௜(𝑡 − 𝜏): is the value of the 𝑖௧௛ state 

variable delayed by 𝜏. 
 𝜏: is the delay time equal to the UPO period. 
 𝜆: Strictly positive constant. 

 For instance, if the system order is 𝑛 = 2 n, 
the equation 2 become: 

𝑆௜(𝑡) = 𝑒ప̇ + 𝜆௜𝑒௜ (4) 

 When the system operates in sliding mode, it 
satisfies the following conditions [15], [16]: 
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൜
lim௧→ஶ 𝑆௜(𝑡) = 0 

lim௧→ஶ 𝑆̇௜(𝑡) = 0
  (5) 

 Our objective is to design a control law that 
steers the tracking error (3) towards zero, 
essentially ensuring that the system's behavior 
closely follows the desired trajectory (delayed 
state). To achieve this, we leverage the sliding 
condition (5) as a critical tool, setting a specific 
requirement that guarantees the error diminishes 
over time. However, the system (1) satisfies the 
reachability criterion only if it meets the 
necessary and sufficient condition outlined by the 
Lyapunov theorem. 

భ

మ

೏

೏೟
൫ௌమ൯⩽ ଴

⇒ ௌ೅ௌ̇ ⩽ ଴
 (6) 

Where 𝑆 =  [𝑆ଵ 𝑆ଶ . . . 𝑆௡]் 

 The condition (6) ensures that the state 
trajectory of the system eventually reaches the 
sliding surface. This establishes a more stringent 
reachability criterion known as the "𝜂-condition" 
[17]. 

 ௌ೅ௌ̇ ⩽ ିఎ|ௌ|

⇒ ௌ̇ ⩽ ⩽ ିఎ೔௦௚௡(ௌ೔)
 (7) 

We replace the values of 𝑆 from equation (4) 
in the equation (7) then we get: 

𝑒ప̈ +  𝜆௜𝑒ప̇  ⩽  −𝜂௜𝑠𝑔𝑛(𝑆௜) (8) 

Where 𝑠𝑔𝑛 is the sign function and                              
𝜂௜(𝑖 =  1, 2 . . . 𝑛) are strictly positive constants. 

To guarantee stability and effectively manage 
uncertainties and disturbances within the closed-
loop system, we construct sliding-mode control 
laws, denoted by 𝑢௦௜(𝑖 =  1, 2 . . . 𝑛). These laws 
aim to steer the system's dynamics towards the 
sliding surfaces, defined by (𝑆(𝑡)  =  0). The 
specific formulation of these control laws is 
presented as follows: 

𝑢௦௜  =  −𝑆௜  −  𝜂௜𝑠𝑔𝑛(𝑆௜)                  (9) 

III. NUMERICAL EXAMPLE 

The field of chaos theory provides a wealth of 
benchmark chaotic systems that function as 
standardized models for testing and validation in 
research. For this study, we have chosen the 
widely recognized Rössler system as our 

example. This system, first proposed by Otto 
Rössler in 1976 [18], is described by three 
nonlinear ordinary differential equations, 
presented as follows: 

ቐ

𝑥̇(𝑡) = −𝑦 (𝑡) − 𝑧(𝑡)         

𝑦̇(𝑡) = 𝑥(𝑡) + 𝑎𝑦(𝑡)           

𝑧̇(𝑡) = 𝑏 + 𝑧(𝑡)(𝑥(𝑡) − 𝑐)

  (10) 

where 𝑥, 𝑦, and 𝑧 are the state variables, and 𝑎, 𝑏, 
and 𝑐 are constants. The values of these constants 
determine the behavior of the system. 
The Rossler system exhibits chaotic behavior for 
certain parameter values, so for this aim, we 
choose the values of 𝑎, 𝑏, and 𝑐 as 0.2, 0.2 and 5.7, 
respectively. As a chaotic system, its trajectories 
are highly sensitive to initial conditions. 
 Figure 1 illustrates the dynamics of the Rössler 
system, resulting in blue and red trajectories, 
respectively, for the initial conditions of 
[0.2, 0.2, 0.2] and [0.25, 0.25, 0.25]. Figure 2 
further demonstrates the evolution of the state of 
the system over time.  

Figures 1 and 2 demonstrate clearly the 
Rössler system's chaotic nature, highlighting its 
high sensitivity to minor changes in initial 
conditions or parameters. This sensitivity leads to 
significant changes in the system's behavior over 
time. In support of this, Wolf's algorithm [19] 
was used to calculate the Lyapunov exponents, 
resulting in 𝜆ଵ = 0.070, 𝜆ଶ = 0.000, and 𝜆ଷ =

 −5.400. The presence of a positive Lyapunov 
exponent (𝜆ଵ) unequivocally confirms the chaotic 
behavior of the Rössler system under these 
parameters.  

Fig. 1. Rossler System behavior for different                          
initial conditions. 
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This finding highlights the need for a control 
strategy to instill structural stability in the 
system, guiding it towards more predictable and 
manageable dynamics. 

 

Fig. 2. Time behavior of 𝑥(𝑡), 𝑦(𝑡) and 𝑧(𝑡) states 
without control. 

IV. CONTROL LAW 

The system 10 with the control law can be 
written as follows: 

ቐ

𝑥̇(𝑡) = −𝑦 (𝑡) − 𝑧(𝑡) + 𝑢ଵ        

𝑦̇(𝑡) = 𝑥(𝑡) + 𝑎𝑦(𝑡)  + 𝑢ଶ        

𝑧̇(𝑡) = 𝑏 + 𝑧(𝑡)(𝑥(𝑡) − 𝑐) + 𝑢ଷ

  (11) 

The tracking error vector between the Rossler 
system’s present state and its delayed state is 
given by : 

ቐ

𝑒ଵ(𝑡) = 𝑥(𝑡) − 𝑥(𝑡 − 𝜏)

𝑒ଶ(𝑡) = 𝑦(𝑡) − 𝑦(𝑡 − 𝜏) 

𝑒ଷ(𝑡) = 𝑧(𝑡) − 𝑧(𝑡 − 𝜏)

                                      (12) 

Its time derivative can be expressed as: 

ቐ

𝑒̇ଵ(𝑡) = 𝑥̇(𝑡) − 𝑥̇(𝑡 − 𝜏)

𝑒̇ଶ(𝑡) = 𝑦̇(𝑡) − 𝑦̇(𝑡 − 𝜏) 

𝑒̇ଷ(𝑡) = 𝑧̇(𝑡) − 𝑧̇(𝑡 − 𝜏)

                         (13) 

⇒

⎩
⎨

⎧
𝑒̇ଵ(𝑡) = −𝑒ଶ(𝑡) − 𝑒ଷ(𝑡) + 𝑢ଵ(𝑡)                                     

𝑒̇ଶ(𝑡) = 𝑒ଵ(𝑡) + 𝑎𝑒ଶ(𝑡)  + 𝑢ଶ(𝑡)                                      

𝑒̇ଷ(𝑡) = 𝑒ଵ(𝑡)𝑒ଷ(𝑡) + 𝑧(𝑡 − 𝜏)𝑒ଵ(𝑡)+𝑥(𝑡 − 𝜏)𝑒ଷ(𝑡)  

 −𝑐𝑒ଷ(𝑡) + 𝑢ଷ(3)                                    

  

     (14) 

Now we insert the values of 𝑒௜ and 𝑒̇௜ in the 
equation 4 to define the sliding surfaces as 
follows: 

ቐ

𝑠ଵ(𝑡) = 𝑒ଵ̇(𝑡) + 𝑘ଵ𝑒ଵ(𝑡)

𝑠ଶ(𝑡) = 𝑒ଶ̇(𝑡) + 𝑘ଶ𝑒ଶ(𝑡) 

𝑠ଷ(𝑡) = 𝑒ଷ̇(𝑡) + 𝑘ଷ𝑒ଷ(𝑡)

  (15) 

where 𝑘ଵ, 𝑘ଶ and 𝑘ଷ are positive real numbers. 
Finally, the control law of equation 9 can be re-
expressed as : 

⎩
⎪
⎨

⎪
⎧𝑢1(𝑡) = −𝑘𝑒1 + 𝑒2 + 𝑒3 −  𝜂𝑠𝑔𝑛(𝑠ଵ)                                        

𝑢2(𝑡) = −𝑘2𝑒2 − 𝑒1 − 𝑎𝑒2 −     𝜂𝑠𝑔𝑛(𝑠ଶ)                        

𝑢3(𝑡) = −𝑘3𝑒3 − 𝑒1𝑒3 − 𝑧(𝑡 − 𝜏)𝑒1−𝑥(𝑡 − 𝜏)𝑒3  

          +𝑐𝑒ଷ −     𝜂𝑠𝑔𝑛(𝑠ଷ)                                                   

  

                                                                         (16) 

V. RESULTS 

Continuing our analysis of the Rössler system, 
defined in equation (10), we start with arbitrary 
initial conditions of [0.2, 0.2, 0.2] and parameter 
values of [𝑎, 𝑏, 𝑐]  =  [0.2, 0.2, 5.7]. The 
proposed controller is activated at 𝑡 =  150 
seconds, using controller constants 𝑘ଵ, 𝑘ଶ, 𝑘ଷ and 
𝜂 set to 60, 40, 400 and 0.05, respectively. 
For the initial simulation results shown in figures 
3, 4,  and 5, the time delay 𝜏 is chosen to match 
the first Unstable Periodic Orbit (UPO) cycle, 
specifically 𝜏 =  𝑇ଵ  =  5.88. In subsequent 
simulations, shown in figures 6, 7, and 8, the 
time delay is adjusted to match the second UPO 
cycle, with 𝜏 = 𝑇ଶ  =  11.76. 

 

Fig. 3. Rossler System behavior with the control 
actions 𝑢ଵ, 𝑢ଶ and 𝑢ଷ and 𝜏 =  𝑇ଵ  =  5.88. 
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Figure 3 illustrates the system exhibiting a 
behavior that is both singular and periodic, 
representing the most basic and predictable form 
of dynamic system response. 

To further illustrate this point, Figure 4 delves 
into the system's behavior over time, both before 
and after activating the proposed controller. We 
observe a swift stabilization of the system within 
the initial cycle starting at 𝑡 =  150 seconds, 
leading to a periodic behavior of the Rössler 
system. This shift towards predictability 
highlights the effectiveness of the proposed 
control strategy in stabilizing the system and 
facilitating more manageable and predictable 
dynamics. 

Fig. 4. Time response 𝑥(𝑡), 𝑦(𝑡) and 𝑧(𝑡). 

 

Fig. 5. Evolution of the control actions 𝑢ଵ, 𝑢ଶ and 𝑢ଷ. 

 Figure 5 shows that after the stabilization 
process, the control signal is reduced to zero, 
allowing the Rössler system to maintain its stable 
period-one behavior. This highlights the 
controller's dual ability to both stabilize and 
maintain the predictability of chaotic systems 
effectively. Furthermore, the vanishing control 

signal indicates that continuous control input is 
not necessary for sustained stability. This 
attribute makes the proposed control method 
energy-efficient and practical, suggesting its 
potential for broader application in managing 
chaotic dynamics with minimal energy 
consumption. 

 

Fig. 6. Rossler System behavior with the control actions 
𝑢ଵ, 𝑢ଶ and 𝑢ଷ and 𝜏 =  𝑇ଶ  =  11.76. 

Figure 6 shows that when the time delay 
matches the second period, the system exhibits a 
two-periodic behavior. Similarly to the first 
simulation, activating the controller at 𝑡 =  150 
seconds leads to the system stabilizing in the 
second period of the unstable periodic orbit 
(UPO), as seen in Figure 7. After stabilization, 
the control signal approaches zero, as illustrated 
in Figure 8. This behavior reinforces the 
controller's effectiveness in guiding the system 
towards stability and achieving a predictable 
pattern, all while minimizing ongoing control 
input, as evidenced by the diminishing control 
signal. 

 
Fig. 7. Time response 𝑥(𝑡), 𝑦(𝑡) and 𝑧(𝑡). 
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Fig. 8. Evolution of the control actions 𝑢ଵ, 𝑢ଶ and 𝑢ଷ. 

VI. CONCLUSION 

This study introduces a novel sliding-mode 
control strategy to stabilize chaotic systems. Its 
key innovation lies in the selection of the 
tracking error for the sliding surfaces. Unlike 
traditional approaches, the tracking error 
incorporates the system's state delayed by one 
period of unstable periodic orbits (UPOs) as a 
reference point, refining the concept of tracking 
error. The widely recognized Rössler system, 
chosen for its universality, serves as a test case to 
validate the method's effectiveness. Grounded in 
Lyapunov stability theory, the technique offers 
significant flexibility in choosing control 
parameters, enabling precise stabilization of the 
Rössler system at one of its most predictable 
UPOs. Simulations demonstrate the method's 
effectiveness, highlighting its simplicity, speed, 
robustness, and precision in achieving structural 
stability across a wide range of chaotic systems. 
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